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Abstract. In this paper, nonlinear vibration of Euler-Bernoulli beams resting on linear elastic 
foundation and subjected to the axial loads are studied analytically. Hamiltonian approach is new 
kind of analytical approaches are used to achieve the nonlinear frequency of the problem. The 
nonlinear vibration equation is also solved numerically using Runge-Kutta 4th technique. 
Comparison of Hamiltonian approach (HA) with Runge-Kutta 4th leads to highly accurate 
solutions using Hamiltonian approach. 
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Nomenclature 
ܣ Cross-sectional area   ܭ′ Elastic coefficient of Winkler foundation 
ܮ Beam length  ܧܣ Axial rigidity of the beam cross section 
ܹ′ Normal displacement  ܧܫ Bending rigidity of the beam cross section 
ܧ Young’s modulus  ݓ(ݐ) Time-dependent deflection parameter 
ܺ Axial coordinate  ܽ Dimensionless maximum amplitude of oscillation 
ܲ Axial load  ߚ Parameter of boundary condition of beam 
ܯ  Mass per unit length  ߱ே௅ Nonlinear frequency 
߶(ܺ) Trial function  ߱௅ Linear frequency 
ݐ Time    
1. Introduction 
In the past few decades many researchers have been working on the nonlinear vibration 
equations of beams resting on elastic foundations. Many different approaches have been used to 
modeling the soil such as Winkler, Pasternak or Vlasov, Flonenko-Borodich foundations. Winkler 
approach is a linear algebraic relationship is introduces between the normal displacement of the 
structure and the contact pressure [1]. A set of mutually parallel independent spring elements are 
used in the Winkler model to represent the soil medium [2]. Therefore, analyzing the nonlinear 
behavior of the system could be more easily compared to other methods [3]. Many researchers 
have been worked on the Winkler elastic foundation modeling in the past few decades [4-6]. 
Generally, finding an exact solution for nonlinear problems are very difficult, therefore some 
approximate analytical methods have been proposed by many researchers to solve nonlinear 
vibration problems such as: Parameter Expansion Method [7], Variational iteration Method [8], 
Homotopy Perturbation Method [9], Max-Min Approach [10, 11] and other analytical techniques 
[12-15]. In this study, Hamiltonian approach is applied to solve the nonlinear vibration equation 
of Euler-Bernoulli beam resting on a Winkler elastic foundation. 
2. Description of the problem 
Fig. 1 represents a simply-supported buckled Euler-Bernoulli beam fixed at one end resting on 
Winkler foundation. The basic assumptions of the beam theory are considered such as [4]: 
– The beam is isotropic and elastic; 
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– The beam deformation is dominated by bending and the distribution and rotation are 
negligible; 
– The beam is along as slender with a constant section along the axis. 
The equation of motion for an axially loaded Euler-Bernoulli beam by considering the 
mid-plane stretching effect is: 
ܧܫ ߲
ସܹ′
߲ܺ′ସ + ܯ 
߲ଶܹ′
߲ݐ′ଶ + തܲ
߲ଶܹ′
߲ܺ′ଶ + ܭ
ᇱ(ܺ)ܹᇱ − ܧܣ2ܮ
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௅
଴
ଶ
݀ܺᇱ = ܷ(ܺᇱ, ݐᇱ), (1)
where ܭ′ is a foundation modulus and ܷ is a distributed load in the transverse direction. 
Assume the non-conservative forces were equal to zero. Therefore Eq. (1) can be written as 
follows: 
ܧܫ ߲
ସܹ′
߲ܺ′ସ + ܯ 
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Here we introduce the following non-dimensional variables: 
ܺ =  ܺ′ܮ ,      ܹ =
ܹ′
ܴ ,    ݐ = ݐ
ᇱට ாூெ௅ర, ܲ = തܲܮ
ଶ
ܧܫ , ܭ =
ܭᇱ௅ర
ܧܫ , (3)
where ܴ = ඥܫ ܣ⁄  is the radius of gyration of the cross-section. We assume the elastic coefficient 
of Winkler foundation is constant ܭ′(ܺ) = ܭ଴. Then Eq. (2) can be written as follows: 
߲ସܹ
߲ܹସ +
߲ଶܹ
߲ݐଶ + ܲ
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1
2
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If we assume ܹ(ܺ, ݐ) = ݓ(ݐ)߶(ܺ) in which ݓ(ݐ) is an unknown time dependent function 
and ߶(ܺ) is a trial function which must satisfy the kinematic boundary conditions and using the 
Galerkin method, then we will have the following governing nonlinear vibration equation of 
motion for an axially loaded Euler-Bernoulli beam: 
݀ଶ ݓ(ݐ)
݀ݐଶ + (ߝଵ + ܲߝଶ + ܭ଴)ݓ(ݐ) + ߝଷݓ
ଷ(ݐ) = 0. (5)
The initial conditions for center of the beam are: 
ݐ = 0,    ݓ = ܽ ,   ݀ݓ ݀ݐ⁄ = 0. (6)
The value of the ߝଵ, ߝଶ and ߝଷ can be obtained as follow: 
ߝଵ = ቆන ቆ
߲ସ߶(ܺ)
߲ܺସ ቇ
ଵ
଴
߶(ܺ)݀ܺቇ න ߶ଶ(ܺ)݀ܺ
ଵ
଴
൘ ,
ߝଶ = ቆන ቆ
߲ଶ߶(ܺ)
߲ܺଶ ቇ
ଵ
଴
߶(ܺ)݀ܺቇ න ߶ଶ(ܺ)݀ܺ
ଵ
଴
൘ , 
ߝଷ = ቌ൬−
1
2൰ න ൭
߲ଶ߶(ܺ)
߲ܺଶ න ቆ
߲ଶ߶(ܺ)
߲ܺଶ ቇ
ଶଵ
଴
݀ܺ൱
ଵ
଴
߶(ܺ)݀ܺቍ න ߶ଶ(ܺ)݀ܺ
ଵ
଴
൙ .
(7)
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Fig. 1. Schematic representation of an axially loaded Euler-Bernoulli beam resting on Winkler foundation 
3. Basic idea of He’s Hamiltonian approach 
The Hamiltonian Approach is a novel method which was proposed by He [15]. The 
Hamiltonian Approach is one of the simple and effective approaches for conservative oscillatory 
systems. Here we give an introduction of this approach: 
ݓሷ + ݂(ݓ) = 0. (8)
With initial conditions: 
ݓ(0) = ܽ,     ݓሶ (0) = 0. (9)
The variation principle for the Eq. (8) can be obtained easily by using the semi-inverse  
method [15]: 
ܬ(ݓ) = න ൜− 12 ݓሶ
ଶ + ܨ(ݓ)ൠ ݀ݐ
்
ସ
଴
, (10)
where ܶ is period of the nonlinear oscillator, ߲ܨ ߲ݓ⁄ = ݂(ݓ). 
The first term of Eq. (10), 1 2⁄ ݓሶ ଶ is kinetic energy and ܨ(ݓ) is the potential energy, so the 
Eq. (10) is the least Lagrangian action, from which we can obtain its Hamiltonian, which reads: 
ܪ(ݓ) = 12 ݓሶ
ଶ + ܨ(ݓ) = constant. (11)
From Eq. (11), we have: 
߲ܪ
߲ܽ = 0. (12)
Introducing a new function, ܪഥ(ݓ), defined as: 
ܪഥ(ݓ) = න ൜12 ݓሶ
ଶ + ܨ(ݓ)ൠ
் ସ⁄
଴
݀ݐ = 14 ܶܪ. (13)
Eq. (12) is, then, equivalent to the following one: 
߲
߲ܽ ቆ
߲ܪഥ
߲ܶ ቇ = 0. (14)
Or: 
߲
߲ܽ ቆ
߲ܪഥ
߲(1 ߱⁄ )ቇ = 0. (15)
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From Eq. (15) we can obtain approximate frequency-amplitude relationship of a nonlinear 
oscillator. 
4. Solution using Hamiltonian approach 
The Hamiltonian of Eq. (5) is constructed as: 
ܪ = 12 ൬
݀ݓ
݀ݐ ൰
ଶ
+ 12 (ߝଵ + ݌ߝଶ + ܭ଴)ݓ
ଶ(ݐ) + 14 ߝଷݓ
ସ(ݐ). (16)
Integrating Eq. (16) with respect to t from 0 to ܶ 4⁄ , we have: 
ܪഥ = න ቌ12 ൬
݀ݓ
݀ݐ ൰
ଶ
+ 12 (ߝଵ + ݌ߝଶ + ܭ଴)ݓ
ଶ(ݐ) + 14 ߝଷݓ
ସ(ݐ)ቍ
்/ସ
଴
݀ݐ. (17)
We use the following trial function: 
ݓ(ݐ) = ܽcos(߱ݐ). (18)
If we Substitute Eq. (18) into Eq. (17), its results are: 
ܪഥ = න ቆ12 ܽ
ଶ߱ଶsinଶ(߱ݐ) + 12 (ߝଵ + ݌ߝଶ + ܭ଴)ܽ
ଶcosଶ(߱ݐ) + 14 ߝଷ ܽ
ସcosସ(߱ݐ)ቇ
்/ସ
଴
݀ݐ 
      = න ൬12 ܽ
ଶ߱ଶsinଶݐ + 12 (ߝଵ + ݌ߝଶ + ܭ଴)ܽ
ଶcosଶݐ + 14  ߝଷ ܽ
ସܿ݋ݏସݐ൰
గ/ଶ
଴
݀ݐ 
       = 18 ܽ
ଶ߱ߨ + 18 ܽ
ଶ(ߝଵ + ݌ߝଶ + ܭ଴)
ߨ
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3
64 ܽ
ସߝଷ
ߨ
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(19)
Setting: 
߲
߲ܽ ቆ
߲ܪഥ
߲(1 ߱⁄ )ቇ =
1
4 ܽߨ߱
ଶ + 14 ܽ(ߝଵ + ݌ߝଶ + ܭ଴)ߨ +
3
16 ܽ
ଷߝଷߨ. (20)
If we solve Eq. (20) the approximate frequency of the system is: 
߱ = 12 ඨ(ߝଵ + ݌ߝଶ + ܭ଴) +
3
4 ߝଷܽ
ଶ. (21)
Hence, the approximate solution can be readily obtained: 
ݓ(ݐ) = ܽcos ቌඨ(ߝଵ + ݌ߝଶ + ܭ଴) +
3
4 ߝଷܽ
ଶݐቍ. (22)
The ration of the non-linear to linear frequency is: 
߱ே௅
߱௅ =
ට(ߝଵ + ݌ߝଶ + ܭ଴) + 34 ߝଷܽଶ
ඥߝଵ + ݌ߝଶ + ܭ଴
. (23)
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5. Results and discussion 
The Hamiltonian approach (HA) is used to obtain an analytical solution for simply supported 
beam at constant elastic modulus. To obtain numerical solution we must specify the parameter ߚ. 
This parameter depends on value of ߝଵ, ߝଶ, ߝଷ and ݌, then we have: 
ߚ = ߝଷ(ߝଵ + ݌ߝଶ + ܭ଴). (24)
So Eq. (21) become: 
߱ே௅
߱௅ =
ඨ1 + 34 ߚܽ
ଶ. (25)
For simply supported beam the trial function ߶(X) = sin(ߨܺ) is assumed.  
Table 1. Comparison of nonlinear to linear frequency ratio (߱ே௅ ߱௅⁄ ) for Simply-Supported Beams 
 ܽ ߚ Present Study (HA) Pade approximate ܲሼ4,2ሽ [12] Pade approximate ܲሼ6,4ሽ [12] 
0.2 3 1.04403 1.04388 1.04388 
0.6 3 1.34536 1.33973 1.33970 
1 3 1.80277 1.78468 1.78442 
1.5 3 2.46221 2.42618 2.42541 
2 3 3.16227 3.10845 3.10712 
2.5 3 3.88104 3.80991 3.80802 
3 3 4.60977 4.52172 4.51927 
Table 1 represents the comparison of present study with the results obtained by [12] for 
different values of amplitude and ߚ. Fig. 2 considered the comparisons of Hamiltonian approach 
and Runge-Kutta algorithm to show the effects of the elastic soil stiffness on the displacement 
response. Fig. 3 is one of the important results in this section; because it is shown the effects of 
ܭ଴ on ration the nonlinear to linear frequency of the beam vibration. It can be observed from the 
figure when the stiffness of the elastic soil grows up; the linear and nonlinear frequency comes to 
be closer and the ratio is also closer to 1. 
Fig. 2. Comparison of analytical solution of time 
history response with the numerical solution for 
simply supported beam ܽ = 0.3, ݌ = 10, ܭ଴ = 100 
 
Fig. 3. Influence of ܭ଴ on nonlinear to linear 
frequency base on amplitude for ݌ = 10 
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6. Conclusions 
A new application of Hamiltonian approach has been presented to solve nonlinear response of 
a Euler-Bernoulli beam resting on a Winkler elastic foundation and subjected to the axial loads. 
Winkler approach is used widely to the beams and pipelines resting on an elastic soil. The results 
of Hamiltonian approach compared with numerical solutions using Runge-Kutta’s algorithm. This 
paper indicated that the Hamiltonian approach can be extending easily to other conservative 
nonlinear problems.  
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